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A hybrid model which combines γ -stable and γ -rigid collective conditions through a rigidity parameter, 
is used to study the critical point of the phase transition between spherical and axially symmetric shapes. 
The model in the equally mixed case, called X(4), exhibits properties of the Euclidean symmetry in 
four dimensions. The spectral properties of the new model are investigated in connection to the exact 
symmetry. Experimental realisation of the X(4) model is found in two N = 90 nuclei and two Pt isotopes 
in vicinity of experimentally observed critical point.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The underlying symmetry of various aspects of the nuclear sys-
tems provides a unique insight into their structure and dynamics. 
Although the nucleus is essentially a many body quantum con-
struct, it exhibits also collective features with unexpected regular-
ities. The algebraic description of the collective phenomena based 
on the geometry of the system offers useful reference concepts 
such as dynamical symmetries (DS). Typical examples of DS in nu-
clear structure are those identiﬁed in the interacting boson model 
[1] as U (6) symmetry subgroups that emerge as chains of suc-
cessive algebras: U (5), O (6), and SU (3). Each DS deﬁnes speciﬁc 
shapes and dynamical conditions in which the nuclei behave col-
lectively: spherical vibrator, axially asymmetric and symmetric ro-
tors.
As the Hamiltonian of a DS can be written in terms of Casimir 
operators of its group reduction chain, the corresponding energy 
spectrum is parameter independent and therefore serves as a ref-
erence point for realistic collective behaviour. It was found that 
this is also the case for the critical point symmetries (CPS) E(5)
[2] and X(5) [3] describing the shape phase transitions between 
U (5)–O (6), and respectively U (5)–SU (3). These are actually ﬁtting 
descriptions provided by similarly simple shapes of the potential 
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SCOAP3.surface in the geometrical Bohr model [5], which describes the 
quadrupole shapes using in total ﬁve variables, two associated to 
the nuclear shape oscillations (β and γ ) and three Euler angles θi
describing the rotational motion. Nevertheless, E(5) CPS is an exact 
realization of the Euclidean group in ﬁve dimensions [4], while the 
group theoretical structure of the X(5) CPS is not known. The lat-
ter employs two approximations, one related to the separation of 
variables and the other based on the small angles for the γ shape 
variable. The γ -rigid version of this model, called X(3) [6], how-
ever, is exactly separable and solvable. γ -rigid conditions mean a 
static γ deformation and the quantum Hamiltonian associated to 
such a case will have a different structure as per Pauli quantiza-
tion prescription [7]. Also, due to symmetry properties, rotational 
motion of the X(3) model can be described only by two Euler an-
gles and therefore the whole system can be described just by three 
variables instead of ﬁve as in the usual Bohr model. Although the 
resulted model seems rudimentary, its realistic character is actually 
supported by various experimental realisations of γ -rigid collective 
conditions [6,8–14].
The exact solvability is directly related to the symmetry proper-
ties of a system. Thus, the group theoretical interpretation of X(5)
and X(3) spectral properties is of major interest. Recently [15,16], 
it was shown that these models are partial Euclidean DS [17,18]
in the sense that a set of states satisfy exactly the associated sym-
metrical differential equation. In this Letter one will show that by 
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model emerges which shares similar symmetry features. Addition-
ally, a new set of states satisfying exactly the Euclidean symmetry 
is identiﬁed for all three X(D)(D = 1, 2, 3) models. Moreover, the 
rest of low lying energy states only in the four-dimensional case 
are approximate realisations of the corresponding Euclidean sym-
metry, fact which brings us closer to unveiling the symmetry group 
governing the CPS of the U (5)–SU (3) shape phase transition. In 
completion of the present study, a theoretical and phenomenologi-
cal interpretation of the new model is proposed along a handful of 
candidate nuclei.
2. Shape phase mixing
A combined axial symmetric γ -rigid and γ -soft nuclear sys-
tem can be treated by considering the following Hamiltonian 
[19,20]:
H = χ Tˆr + (1− χ)Tˆ s + V (β,γ ), (1)
where
Tˆr = − h¯
2
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is the prolate γ -rigid kinetic energy operator [6], and
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is the same operator corresponding to the usual ﬁve-dimensional 
γ -stable Bohr Hamiltonian. Q is the angular momentum oper-
ator from the intrinsic frame of reference with Qk(k = 1, 2, 3)
denoting the operators of its projections, while B is the mass pa-
rameter. The Ising type coupling [21,22] of different behaviours 
of the γ shape variable is managed by the control parameter 
0 ≤ χ < 1 which measures the system’s γ -rigidity. The Hamil-
tonian (1) obviously acts in a mixed shape phase space be-
cause Tr is deﬁned in terms of three curvilinear coordinates, 
while Ts in ﬁve. Therefore the integration measure of this space 
must be χ dependent in order to describe a coherent the-
ory. This deformation of the shape space metric was duly ex-
plained in Ref. [20] and basically comes down to matching 
the quantum and classical pictures of the γ -rigid/stable cou-
pling.
The aim of the paper is to study critical point nuclei, such 
that one will treat the Schrödinger equation associated to (1) as 
in case of the well known X(5) model [3], where an approxi-
mate separation of β and γ -angular variables is achieved through 
a small angle approximation and an adiabatic decoupling of β and 
γ shape ﬂuctuations. Assuming a factorized total wave function 
(β, γ , 	) = ξ(β)η(γ )DLMK (	) where DLMK are Wigner functions 
of total angular momentum L and its projections M and K on the 
body-ﬁxed and respectively laboratory-ﬁxed z axis, the associated 
Schrödinger equation is separated into β and γ parts [3]. The γ
equation is treated as in the usual γ -stable case [3] providing a 
wave function indexed by the angular momentum projection K
and a γ vibrational quantum number nγ . Due to this decoupling 
and the additive character of the γ excitation contribution to the 
total energy of the system, one will concentrate in what follows 
only on the K = 0 states, i.e. those from the ground and β excited 
bands. Thus, the radial-like equation for the β shape variable reads 
as:[
− ∂
2
∂β2
− 2(2− χ)
β
∂
∂β
+ L(L + 1)
3β2
]
ξ(β)
+ u(β)ξ(β) = ξ(β), (4)
where  = 2B
h¯2
E and u(β) = 2B
h¯2
V (β) are reduced energy and β
potential. In accordance to X(5) [3] and X(3) [6] critical point 
solutions, an anharmonic behaviour is considered here for the po-
tential, reﬂected into a square well shape:
u(β) =
{
0, β  βW ,
∞, β > βW , (5)
where βW indicates the position of the inﬁnite wall. With this, 
equation (4) can be brought to a Bessel differential equation by 
the change of variable ξ(β) = βχ− 32 f (β):[
∂2
∂β2
+ 1
β
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∂β
+
(
k2 − ν
2
β2
)]
f (β) = 0, (6)
where
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√
L(L + 1)
3
+
(
3
2
− χ
)2
. (7)
The boundary condition f (βW ) = 0 gives the β energy spectrum 
in terms of the s-th zero xs,ν of the Bessel function Jν(xs,νβ/βW )
[23]. The order of the Bessel function’s zero is related to the β
vibration quantum number by nβ = s − 1. Correspondingly, the β
variable normalized wave function is then given as:
ξL,nβ (β) = Nnβ ,νβχ−
3
2 Jν(xnβ+1,νβ/βW ), (8)
where Nnβ ,ν is the normalization constant obtained from the con-
dition
βW∫
0
[
ξL,nβ (β)
]2
β4−2χdβ = 1. (9)
Note the modiﬁed integration measure which accounts for the 
shape phase mixing [20]. Another example of deformed shape 
phase space is the recently proposed collective solution with an 
energy dependent potential [24].
Finally, the total solution of the Hamiltonian (1) is given by the 
normalized and symmetrized product of angular, β and γ wave 
functions [3,25]:
LMKnβnγ (β,γ ,	) = ξL,nβ (β)ηnγ ,|K |(γ )
×
√
2L + 1
16π2(1+ δK ,0)
[
DLMK (	) + (−)L DLM−K (	)
]
. (10)
Transition rates can then be calculated by employing the general 
expression for the quadrupole transition operator,
T (E2)μ = tβ
[
D2μ0 cosγ +
1√
2
(
D2μ2 + D2μ−2
)
sinγ
]
, (11)
where t is a scaling factor. Taking into account the small angle 
approximation (cosγ ≈ 1) appropriate for γ -stable solutions, the 
K = 0 transitions relating the ground and β excited states rel-
evant for the present study can be given in a factorized form as 
[25,26]:
B(E2; Lnβ → L′n′β) =
5t2
16π
(
C L2L
′
000 B
Lnβ
L′n′β
)2
. (12)
C is the Clebsch–Gordan coeﬃcient dictating the angular momen-
tum selection rules, while B is deﬁned as:
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Numerical values of the rotational terms from X(D) and E(D) models in virtue of 
the correspondence L = 2ω. Matching values are indicated by a star.
E(3) E(4) E(5) X(3), X(4), X(5)
ω ω(ω + 1) ω(ω + 2) ω(ω + 3) L L(L + 1)/3
0 0 0 0 0 0
1 2∗ 3 4 2 2∗
2 6 8 10 4 6.67
3 12 15 18 6 14
4 20 24∗ 28 8 24∗
5 30 35 40 10 36.67
6 42 48 54 12 52
7 56 63 70∗ 14 70∗
B
Lnβ
L′n′β
=
βW∫
0
ξL,nβ (β)ξL′,n′β (β)β
5−2χdβ. (13)
3. X(4) model and its relation to the E(4) symmetry
Bohr Hamiltonian solutions with an inﬁnite square well β
potential were found to be closely related to the second-order 
Casimir operator of the Euclidean group E(D) [15,16]:[
− 1
rD−1
∂
∂r
rD−1 ∂
∂r
+ ω(ω + D − 2)
r2
]
F (r)
= k2F (r), (14)
where D is the number of dimensions. The factor of the centrifugal 
term is the Casimir operator of SO (D) group [27] coming from 
the deﬁnition of E(D) = TD ⊕S SO (D) as a semidirect sum of the 
algebras TD and SO (D) of translations and respectively rotations 
in D dimensions [28]. The β equation (4) can be easily brought to 
a similar form bearing the correspondence D = 5 − 2χ and
ω(ω + D − 2) = L(L + 1)
3
. (15)
D must be an integer because it deﬁnes the number of dimensions. 
This obviously happens for the limiting cases of X(3) and X(5), 
where χ = 1 and χ = 0. Moreover, one also obtain D = 4 when 
χ = 0.5, i.e. in the equal mixing case. The resulting model called 
X(4) due to the already established nomenclature, is a natural step 
when going from a three-dimensional model to ﬁve-dimensional 
one. Although the identiﬁcation of the degrees of freedom, other 
than β shape variable, is diﬃcult in such a collective model, one 
can conﬁdently assume that these are of the rotational type. This is 
motivated in part by the adiabatic approximation common to X(D)
models. A more convincing interpretation comes from the relation 
to the Euclidean group E(4). In Refs. [15,16] was shown that the 
0+ bandheads of X(3) and X(5) models satisfy Eq. (14) because 
the correspondence (15) is exactly realized just for ω = L = 0. 
Therefore, those states exhibit the Euclidean symmetry in the cor-
responding space. This is also valid for the X(4) model, whose as-
sociated Euclidean group contains the SO (4) rotation group, which 
is the most general representation of the rigid body rotations [29]. 
Indeed, the same treatment of rotational degrees of freedom was 
used in the Z(4) model [8] whose ground and β band states 
satisfy exactly the E(4) dynamical symmetry provided the corre-
spondence L = 2ω. Using the same relation between L and ω in 
(15), one can see that Eq. (14) is exactly satisﬁed also for other 
states. The states matching the X(D) and E(D) centrifugal terms 
are pointed out in Table 1. Besides the 0+ states retaining the 
Euclidean symmetry in all dimensions, for each number of dimen-
sions in part, it also happens for the states L = 2ω = 2(3D − 8). 
This new development, casts a new light on the relationship be-
tween X(D) models and the corresponding Euclidean groups.The numerical results from Table 1 also point to the fact that 
the rest of the low lying X(4) states, which do not exactly sat-
isfy Eq. (14), actually are very good approximations of E(4). While 
the fact that 0+ and 8+ states follow exactly the E(4) symmetry 
makes X(4) model a partial DS [17] of type I [18], the closeness 
of the rest of states to the same symmetry might be interpreted 
through the concept of quasi DS [21,30]. Indeed, the deviations 
of the centrifugal terms from X(D) and E(D) serve as a mea-
sure for the goodness of ω quantum number [31]. The common 
spectral features of the γ -rigid models and solutions related to 
the Euclidean symmetry were also pointed out in Refs. [11,12]. In 
what concerns the low lying energy spectrum up to L = 14, the 
smallest deviations from exact equality (15) are reported in the 
four-dimensional case. Therefore, low angular momentum states of 
X(4) have the most orderly structure which is reﬂected into their 
Euclidean quasi DS.
X(4) and Z(4) models share some common features, but 
also some distinctive properties. Both solutions act in a four-
dimensional space and have two equal intrinsic moments of iner-
tia, I1 = I2 for X(4) and I2 = I3 in case of Z(4). Note that in the 
triaxial case, this condition does not mean an axially symmetric 
shape. As a consequence, the remaining moment of inertia has a 
non-zero value in case of Z(4), and therefore the rigid nucleus will 
rotate around the approximate intrinsic symmetry axis which ac-
quires an additional precession motion in respect to the laboratory 
reference frame. In contradistinction, in prolate γ -rigid conditions 
proper to X(3), the remaining moment of inertia is I3 = 0. This in-
duces the quantum mechanical restriction for the rotation around 
the corresponding axis, which facilitates the congruence of body-
ﬁxed and laboratory reference frames. The apparent γ -softness 
of X(4) solution makes this correspondence approximate, due to 
I3 ≈ 0, allowing an inﬁnitesimal precession around an axis perpen-
dicular to the symmetry axis. Although the principle is the same, 
in Z(4) and X(4) models rotation happens differently in respect to 
the approximate intrinsic symmetry axis.
4. Numerical results
A visual representation of the X(4) energy spectrum is given in 
Fig. 1 for the ground and ﬁrst two excited β bands. The E2 tran-
sition probabilities presented in the same ﬁgure are calculated by 
means of (12). The other set of allowed L = 2 interband tran-
sitions were omitted due to extremely small values. The similarity 
between X(4) and Z(4) discussed above, can be exposed by a suit-
able normalisation of the excited energy states, such that 0+ and 
8+ states satisfying the differential equation corresponding to the 
Casimir of E(4) in both models to have the same energy. Although 
the angular momentum coupling scheme between these models 
are different [32], there is a very good agreement between the 
L = 0 transition probabilities of both solutions [8].
The experimental realisation of the X(4) model is found in two 
N = 90 nuclei which mark the boundaries of the critical isotopes 
interval. Indeed, the N = 90 nuclei matching X(4) predictions, 
148Ce and 158Er, encompass the X(5) model candidates 150Nd [33], 
152Sm [3], 154Gd [34] and 156Dy [35]. Nevertheless, the critical be-
haviour of the two N = 90 X(4) candidates were reported in alter-
native descriptions regarding the same critical point [36–38]. The 
180Pt and 182Pt nuclei are another suitable X(4) realisations which 
fall in the recently proposed new island of X(5) critical nuclei [39]. 
Although these two nuclei maintain some of X(5) features [40], 
the associated shape phase transition is found to be more com-
plex with evidences for shape coexistence [41] and much slower 
than in N = 90 region. Therefore, it is not surprising to ﬁnd two 
consecutive Pt isotopes as X(4) candidates.
352 R. Budaca, A.I. Budaca / Physics Letters B 759 (2016) 349–353Fig. 1. X(4) energy spectrum of ground and the ﬁrst two β excited bands is given 
in terms of the ﬁrst excited state energy, while the corresponding B(E2) transition 
probabilities are normalized to B(E2, 2+g → 0+g ) = 100. States which satisfy exactly 
Eq. (14) for D = 4 are indicated by thick red lines. (For interpretation of the refer-
ences to color in this ﬁgure legend, the reader is referred to the web version of this 
article.)
In spite of using an inﬁnite square well β potential, an impor-
tant property of the X(3) solution is the harmonic character of β
excitations. Indeed, the density distribution of the ground state is 
a symmetrical centroid, while that corresponding to the ﬁrst 0+
excited state is split in two degenerated symmetrical peaks [42]. 
These are well known quantum harmonic oscillator attributes. The 
picture deforms when going to higher dimensions, reaching the 
highest anharmonic behaviour at X(5) model. In view of this evo-
lution as function of the γ -rigidity measure, one can see that the 
Pt region rich in all X(D) spectral realizations exhibit a slow evo-
lution toward harmonic β excitations as the neutron number is 
increased. Alternatively, the N = 90 region of X(5) critical nuclei 
behaves as a singular point for the maximal anharmonic behaviour 
which abates above and below it where the X(4) model nuclei are 
found.
The comparison between X(4) theoretical predictions and ex-
perimental data of selected candidates regarding energy levels is 
presented in Table 2. The agreement with experiment is very good 
for the ground state band. Although the β excited energy states 
are the main source of discrepancies, X(4) model predicts correct 
position of the ﬁrst β bandhead for N = 90 nuclei, and the sec-
ond β excited states for Pt isotopes. Available experimental data 
on E2 transition probabilities in the ground band for 158Er and 
182Pt conﬁrm their X(4) membership, as can be seen in Fig. 2. It is 
worth mentioning that a ﬁtting procedure against the χ parameter 
will deﬁnitely improve the agreement with experiment and pro-
vide more suitable experimental realisations. On the other hand it Fig. 2. X(4) theoretical ground state to ground state E2 transition probabilities nor-
malized to the 2+g → 0+g transition are compared with the available experimental 
data for 158Er and 182Pt as well as with X(3) and X(5) predictions.
Table 2
X(4) theoretical results for ground, and ﬁrst two β bands energies normalized to 
the energy of the ﬁrst excited state 2+g are compared with the available experimen-
tal data for 148Ce, 158Er, 180Pt and 182Pt [43].
L+ X(4) 148Ce 158Er 180Pt 182Pt
2+g 1.00 1.00 1.00 1.00 1.00
4+g 2.71 2.86 2.74 2.68 2.71
6+g 4.90 5.30 5.05 4.94 5.00
8+g 7.50 8.14 7.77 7.71 7.78
10+g 10.51 11.30 10.79 10.93 10.96
12+g 13.91 14.69 13.95 14.55 14.47
14+g 17.70 18.22 17.56 18.55 18.27
16+g 21.85 21.86 20.95 22.88 22.33
18+g 26.38 25.66 24.32 27.76 26.42
20+g 31.28 29.57 27.96 32.54 30.51
22+g 36.55 33.52 37.39 34.87
24+g 42.18 42.76 39.54
26+g 48.17 48.52 44.56
0+β1 4.16 4.86 4.20 3.12 3.22
2+β1 6.04 6.25 5.15 5.62 5.53
4+β1 9.01 (7.15) 6.54 8.15 8.00
6+β1 12.55 10.77 10.64
8+β1 16.58 13.66
0+β2 10.71 (7.43) (7.22) (7.43)
2+β2 13.45
will break the group theoretical structure found in the X(D) spe-
cial cases. There is however a practical appeal in such an endeavor 
which will be a subject for another work.
5. Conclusions
In conclusion, we introduced a new four-dimensional CPS called 
X(4) which is a result of the equal shape phase space mixing be-
tween γ -stable conditions of the X(5) model and the γ -rigid ones 
corresponding to the X(3) solution. Although, its four-dimensional 
structure emerges as a natural step in the reduction of the number 
of variables when going from X(5) to X(3), it is also analytically 
proved by relating the resulting model to the differential realisa-
tion of the corresponding Euclidean group. Following the same line 
of reasoning, X(4) model can be understood as the right CPS of the 
U (5)–SU (3) shape phase transition in the sense that it also man-
ages the reduction from ﬁve to three collective variables. This is 
also supported by the presence of a partial Euclidean DS, property 
which is shared by all X(D) models whose 0+ states are exact 
R. Budaca, A.I. Budaca / Physics Letters B 759 (2016) 349–353 353E(D) realisations. An important byproduct of this Letter is the 
identiﬁcation of an additional set of states with the same proper-
ties which are different for each number of dimensions. Moreover, 
it was also found that X(4) states with broken E(4) symmetry ac-
tually approximate it very good for the lower angular momentum 
states. Finally, theoretical predictions of the X(4) were compared 
with experimental data for few suitable candidate nuclei found in 
the regions of the nuclide chart known to exhibit critical phenom-
ena.
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